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Abstract 



' A complete classification is presented of elliptic and K3 fibrations birational to certain mildly 

singular complex Fano 3-folds. Detailed proofs are given for one example case, namely that 
P-n \ of a general hypersurface X of degree 30 in weighted P 4 with weights 1,4,5,6,15; but our 

methods apply more generally. For constructing birational maps from X to elliptic and 
K3 fibrations we use Kawamata blowups and Mori theory to compute anticanonical rings; 
to exclude other possible fibrations we make a close examination of the strictly canonical 
singularities of (X, —n) , where H is the linear system associated to the putative birational 
' map and n is its anticanonical degree. 

t> ' 

^ ! 1 Introduction 
O 

In |CPB,| Corti, Pukhlikov and Reid proved that a general quasismooth complex variety 
X = Xd C P(l, a%, . . . , 04) in one of the 'famous 95 families' of Q-Fano 3-fold weighted hy- 
persurfaces is birationally rigid — that is, if X is birational to some Mori fibre space Y/S 
then in fact Y ~ X. A related problem is to classify elliptic and K3 fibrations birational to 
general hypersurfaces in these families; it was Ivan Cheltsov |Ch00j who first proved classifica- 
tion results of this kind for several birationally rigid smooth Fano varieties, including a general 
quartic 3- fold A4 C P 4 and a double cover of P 3 branched in a general sextic surface, i.e., 



X = Xq C P(l, 1, 1, 1,3). In Ry02 the classification of elliptic and K3 fibrations birational to 



general members of the remaining 93 families was addressed, but completed only for family 5, 
Xj C P(l, 1, 1, 2, 3). In the present paper we aim firstly to give concise proofs of some of the 
more generally applicable results of Ry02| and secondly to present a complete proof of the fol- 



lowing theorem for family 75, which is the family referred to in the abstract. Furthermore, we 
state similar theorems for families 34, 88 and 90; these can be proved using essentially the same 
techniques. 



*Email: dj@ryderl44.fsnet.co.uk 
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1.1 Theorem. Let X = X%q C P(l, 4, 5, 6, 15) x ,y,z,t,v, be a general member of family 75 of the 95. 

(a) Suppose <3?: X — ■* Z/T is a birational map from X to a K3 fibration g: Z — > T (see \1.15\ 
below for our assumptions on K3 fibrations, and also on elliptic fibrations and Fano 3- 
folds). Then there exists an isomorphism P 1 — > T such that the diagram below commutes, 
where it = (x 4 , y) : X — > P 1 . 
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(b) There does not exist an elliptic fibration birational to X. 

(c) If X — » Z is a birational map from X to a Fano 3-fold Z with canonical singularities 
then $ is actually an isomorphism (so in particular Z ~ X has terminal singularities). 

Part (b) of this theorem was recently proved independently by Cheltsov and Park |CP05| using 
somewhat different methods. It is an interesting result because of its relevance to the question 
of whether Q-rational points of X are potentially dense: a birational elliptic fibration is one key 
geometric construction used to prove potential density (see jHTOOj . [TTa03j and |HT01| ). The 
proof presented here requires close examination of CS (X, (see I1.6J1 . where TC is the linear 
system associated to a putative birational map and n is its anticanonical degree; in CP05 more 
general methods are used. Our approach has the advantage that the other parts of Theorem ll.il 
follow immediately from our complete classification of possible sets of strictly canonical centres. 

The following results are analogous to Theorem they can be proved with the same 
techniques, though we do not include all the details here. From now on we abbreviate con- 
clusions such as that in Theorem ll.lf a) by stating that up to a birational twist of the base, 
g o $ = (x 4 ,y) : X -~* P . The birational twist P 1 — > T of the base is an isomorphism in the 
above case because T is a smooth curve. (We assume all fibrations are morphisms of normal 
varieties: see 11.151 ) 

1.2 Theorem. Let X = X 18 C P(l, 1, 2, 6, 9) xo , 

,x\,y,z,t b e a general member of family 34 of the 95. 

(a) If & : X — » Z/T is a birational map from X to a K3 fibration g: Z — > T then, up to a 
birational twist of the base (see above for explanation), g o $ = (xo,xi) : X --■ *• P . 

(b) Suppose $ : X — > Z/T is a birational map from X to an elliptic fibration g: Z — > T '. Then, 
up to a birational twist of the base, g o $ = (xo, x\,y): X —■* P(l, 1, 2). 

(c) If $: X — - > Z is a birational map from X to a Fano 3-fold Z with canonical singularities 
then $ is actually an isomorphism (so in particular Z ~ X has terminal singularities) . 
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1.3 Theorem. Let X = X 42 C P(l, 1, 6, 14, 21) 

xo,x\,y,z,t be a general member of family 88 of 
the 95. Under assumptions corresponding to those in Theorem, \l.H\ we can conclude as follows. 

(a) Up to a birational twist of the base, go$ = (xq,xi) : X — » P . 

(b) Up to a birational twist of the base, g o $ = (xg, si, y) : X —■* P(l, 1, 6). 
(cj $ zs actually an isomorphism. 

1.4 Theorem. Ze£ X = X A2 C P(l, 3, 4, 14, 21) 

x,y,z,t,u be a general member of family 90 of the 95. 
Under assumptions corresponding to those in Theorem 11. H we can conclude as follows. 

(a) Up to a birational twist of the base, jo$ = (x,y): X — > P(l,3). 

(b) Up to a birational twist of the base, g o $ = (x,y,z): X — » P(l, 3, 4). 

(c) $ is actually an isomorphism. 

Outline of paper 

Our proof of Theorem 11.11 has essentially three parts; this division of the argument is closely 
modelled on the approach of Cheltsov to similar problems for smooth varieties — see e.g. jjpiiOO . 
In brief, the parts are: constructing the K3 fibration birational to our X in family 75 (see fJ2J); 
proving a technical result, Theorem ll.71 using exclusion arguments and deriving Theorem ll.il 
from Theorem 11.71 (in Q using an analogue of the Noether-Fano-Iskovskikh inequalities (|1.10[) 
together with an adaptation of the framework of IQhJlQj. We now make some comments on each 
of these three. 

1.5. In we show that the projection (x 4 ,y): X — » P 1 is indeed a K3 fibration, after reso- 
lution of indeterminacy. The construction is Mori-theoretic: we make a Kawamata blowup of 
X and play out the two ray game. We also outline constructions of the elliptic fibrations in 
Theorems TFHb) . Q[b) andlOTb). 

1.6 The exclusion arguments of First let us state the technical theorem mentioned above, 
which is proved in SJ21 We need the following. 

Notation. Let X be a normal complex projective variety, TL a mobile linear system on X and 
a £ Q>o- We denote by CS(X, aTC) the set of centres on X of valuations that are strictly 
canonical or worse for Kx + otH — that is, 

CS(X, aH) = {Centrex(-E) | a(E,X,aH) < 0}. 

Occasionally we also use LCS(X, aH), which is defined similarly as 

LCS(X, aH) = {Centrex(E) \ a{E,X,aH) < -1}. 



3 



1.7 Theorem. Let X = X%q C P(l,4, 5,6, ^>) x ,y,z,t,u be a general member of family 75 of the 95. 
Suppose TC is a mobile linear system of degree n on X with Kx + nonterminal. Then in fact 
Kx + is strictly canonical and CS (X, ^TL) = {Qi, Q2}, where Qi, Q2 ~ ^(1, 4, i) x ,y,t are ^ e 
two singularities of X on the zu-stratum. 

For an introduction to the relationship between this result and Theorem ll.il see 11.91 below. 
Our proof of 11.71 in £j3]is by exclusion arguments, as mentioned above — e.g., we show in Theo- 
rem 13. 71 that no smooth point can be a centre on X of a valuation strictly canonical for Kx + ^T~t] 
we refer to this as excluding any smooth point. As well as absolute exclusions such as this, there 
is an interesting conditional exclusion result for singular points, Theorem 111251 Some of the 
exclusion results of are extensions of arguments in |CPB,| , but Theorem 13.251 is an example 
of strikingly new behaviour, and there are substantial differences in method also for exclusion 
of curves ( ffi.lj) . It should be noted that, though the main aim of £j3]is to prove Theorem II. 7| 
several of the results obtained apply to many of the 95 families other than number 75 (in partic- 
ular, numbers 34, 88 and 90) — and the techniques of proof apply more ge nerally still. |Ry02l 



App. A] contains a detailed list of results analogous to Theorem 11.71 for most of the 95 families, 
including many for which only a conjectural birational classification of elliptic and K3 fibrations 
is currently known. In the case of family 34, for instance, we have the following. 

1.8 Theorem. Let X = X 18 C P(l, 1, 2, 6, 9) Xo . ,xi,y,z,t be a general member of family 34 of 
the 95. Suppose H is a mobile linear system of degree n on X with Kx + ^T~C nonterminal. 
Then in fact Kx + ^{H is strictly canonical and CS (X, ^H) is either {C, P, Qi, Q2, Q3} or {P}. 
Here C = {xo = x\ = 0} n X is irreducible by generality of X, and P , Q\, Q2 and Q3 are the 
singularities of X; P ~ |(1, 1, 2) XOjXlty lies on the zt-stratum and Qi, Q2, Q3 ~ |(1, 1, l) XOjX i,t He 
on the yz -stratum. 

Like Theorem 11.21 this result is not proved in this paper, but the techniques for doing so, and 
for proving analogues for families 88 and 90, are essentially those we use below for Theorem 1 1.71 

1.9 The derivation of Theorem 11.11 from Theorem 11.71 in flU In a sense the relationship 
between Theorems 11.71 and 1 1 . 1 1 is obvious: the K3 fibration given by (x 4 ,y) has the singularities 
Qi and Q2 of 11.71 as centres, and no other set of centres is possible — so if, say, we try to grow 
an elliptic fibration birational to X, we must start with an extremal extraction of Q\ or Q2, but 
then we find we have to extract the other Qi as well. It turns out that to make this rigorous 
we need some abstract machinery — in particular, results concerning the log Kodaira dimension 
of (X, (— + e)TC) for small e. It should be noted that for many of the 95 families an argument 
such as the above does not apply directly, because sets of centres do not distinguish objects of 
interest: for example, |Ry02 contains many examples of Q-Fanos X birational to, say, an elliptic 



fibration and also a Fano with canonical singularities, and with the two linear systems having 
the same CS on X. 
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To describe the approach of fJU we consider a more abstract setup. Let X be a Mori Fano 
variety (see 11.141 below). Z a variety with canonical singularities and $:I--^Za birational 
map. Assume furthermore that one of the following holds. 

(a) g: Z — > T is a i^-trivial fibration fsee ll.15^) with < dimT < dimZ. Let Tiz = 9*\H\ be 
the pullback of a very ample complete linear system of Cartier divisors on T and Ti its birational 
transform on X. 

(b) Z is a Fano variety with canonical singularities (see Il.l4|) and <I> is not an isomorphism. 
Let Tiz = \H\ be a very ample complete linear system of Cartier divisors on Z and W its birational 
transform on X. 

In either case (a) or (b), define n E Q by K x + ±K ~q 0. 

1.10 NFI-type inequality ([ChOOj). In either of the above situations, Kx + ^7~t is nontermi- 
nal, that is, strictly canonical or worse. 

This is a standard result used in jChOOj and jlsOlj ; but we give a proof of it in §Q under the 
assumptions (a), because in this situation it follows from results we need anyway. Clear lv H. 101 is 
motivation enough to address Theorem 11.71 on the way towards proving Theorem II .1\ but more 
work is needed to complete the proof of the latter, ^contains the necessary arguments; two of 
the propositions are results of Cheltsov (though we give a proof of one of them), but in order to 
conclude we need a rather delicate argument that traces a log Kodaira dimension through a two 
ray game diagram. 

What is special about families 34, 75, 88 and 90? 

It is natural to ask why we are able to prove Theorems II . 11 H~2l II .31 and II .41 for families 75, 34, 88 
and 90, but are not able to prove similar theorems for other families out of the 95 with the same 
methods. There is no one answer to this, but the following are major factors. 

• General members of families 34, 75, 88 and 90 are superrigid, i.e., there are no nonau- 
tomorphic birational selfmaps. For nonsuperrigid families (the majority of the 95) one 
obtains much bigger anticanonical rings after Kawamata blowups of the singularities that 
are centres of involutions: see |CPR| . This makes impossible any direct generalisation of 
arguments such as that in our final proof of Theorem ll.lf b) . 

• As already mentioned, it frequently occurs for other families out of the 95 that sets of centres 
on X do not distinguish between different birational maps to elliptic or K3 fibrations or 
to Fanos with canonical singularities. |Ry02| Ch. 4] discusses this phenomenon in some 
detail using family 5, X-j CP(1,1,1,2,3), as an extended example. Whilst the analogue of 



Theorem 11.11 is eventually proved for this family in Ry02| , the proof requires complicated 
exclusion arguments on blown up models of X, and there is no obvious way of avoiding 
these. See K 'MO 1; for a situation that is in some ways analogous. 
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The recent work of Cheltsov and Park |CP05| proves a number of results that complement 
those here: they show, for example, that a general member of any of the 95 families is birational 
to a K3 fibration, but do not classify the K3 fibrations so obtained; they also prove that a general 
member of family N is not birational to an elliptic fibration if and only if N £ {3, 75, 84, 87, 93} 
and, for some 23 values of N not in this set, they show that up to a birational twist of the base 
there is a unique birational elliptic fibration: it is obtained by projection (xq, x\, x%) onto the first 
three coordinates |CP05l 4.13]. They do not, however, prove full analogues of our Theorem 1 1 . 71 for 
these families; this is one reason why they cannot classify birational K3 fibrations. Our methods 
do permit K3 fibrations to be classified, but only in cases where whenever we blow up canonical 
centres not excluded by general results we obtain small, manageable anticanonical rings. With 
our current technology this restricts us to families such as 34, 75, 88 and 90, where there are few 
birational maps to elliptic and K3 fibrations and no nontrivial birational maps to Fanos with 
canonical singularities. 



Conventions and assumptions 

Our notations and terminology are mostly as in, for example, IK Ml. but we list here some 
conventions that are nonstandard, together with assumptions that will hold throughout. 

1.11. All varieties considered are complex, and they are projective and normal unless otherwise 
stated. 

1.12. For details on the famous 95 families, see [F100 and |CPR| . In brief, A^ C P(l, ax,... , a^) 
belongs to one of the families if (1) A is quasismooth, i.e., its singularities are all quotient 
singularities forced by the weighted P 4 ; (2) the singularities are terminal — 3- fold terminal 
quotient singularities are necessarily of the form -(l,a, r — a) with r > 1 and (a,r) = 1; and (3) 
ax + ■ • • + (X4 = d, so by the adjunction formula —Kx = Cx(l) is very ample. Whenever X is a 
member of one of the 95 families, we let A = —Kx = denote the positive generator of the 
class group; moreover, if /: Y — > X is a birational morphism then B denotes — Ky. 



1.13. As in ^CPB] and Ry02| , we refer to the weighted blowup with weights ^(l,a,r — a) of 



a 3-fold terminal quotient singularity ~(l,a,r — a) with r > 2 and (a, r) = 1 as the Kawamata 
blowup — see |Ka96j . the main theorem of which is reproduced here as Theorem 13.141 



1.14 Definitions. A Mori fibre space f: X — > S is a Mori extremal contraction of fibre type, 
that is, dimS 1 < dim A. This means that X and S are projective varieties, X has Q-factorial, 
terminal singularities, /*0v = Os, p(X/S) = 1 and — Kx is /-ample. If S = {*} is a point then 
A is a Mori Fano variety. We use the term Fano variety more generally to refer to any normal, 
projective variety A with —Kx ample and p(X) = 1. 
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1.15 Definitions. Let Z be a normal projective variety with canonical singularities. A fibration 
is a morphism g: Z — > T to another normal projective variety T such that dimT < dimZ and 
g*Oz = Ot- We say the fibration is K-trivial if and only if KzC = for every contracted 
curve C. g is an elliptic fibration, resp. a K3 fibration, if and only if its general fibre is an elliptic 
curve, resp. a K3 surface. 

1.16. Usually when we write an equation explicitly or semi-explicitly in terms of coordinates we 
omit scalar coefficients of monomials; this is the 'coefficient convention'. 



Acknowledgments 



Most of the techniques in this paper, and some of the theorems, are from my PhD thesis, Ry02 . I 



would like to thank my supervisor, Miles Reid, and also Gavin Brown, Alessio Corti and Hiromichi 
Takagi, for their help and generosity with their ideas; I would also like to thank Ivan Cheltsov 
for his helpful comments during the final stages of preparing this paper. My PhD studies were 
supported financially by the British EPSRC. 



2 Constructions 
2.1 K3 fibrations 

The following observation does not apply to family 75, our main object of study, but it does 
apply to families 34 and 88; in any case, it needs to be noted because it describes all 'easy' K3 
fibrations birational to members of the famous 95 — cf. Lemma 12.31 for the 'hard' case. 

2.1 Proposition. Let X = C P(l, 1,02,03,04) be general in one of the families with a\ = 1 
and 02 > 1. Then a general fibre S of tt = (xq, x\) : X — » P 1 is a quasismooth Du Val K3 surface 
and, setting V to be the pencil (xq,xi), we have 

CS(X,V) = {C,P 1 ,...,P r }, 

where C is the curve {xq = x\ = 0} H X, which is irreducible by generality of X, and P\, ... ,P r 
are all the singularities of X. 

Proof. Because S is a general element of it is certainly quasismooth. The adjunction 

formula for C P(l, 02, 03, 04) =: P gives K$ = and the cohomology long exact sequence from 

-> l s ,w = Op(-d) - O w -> O s -> 0, 

with the standard cohomology results for weighted projective space, gives n 1 (5, Os) = 0. There- 
fore S is a quasismooth Du Val K3 surface. 
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Let / : Y — > X be the blowup of the ideal sheaf Ic,X of C and £c7 the unique exceptional 
divisor of / which dominates C. Then clearly m^('P) = oe(Kx) = 1, so C € CS(X, P). The fact 
that Pi, . . . ,P r S CS(X, P) is a consequence of Corollary 13,171 of Kawamata's Lemma (below). 
Therefore 

CS(X,V) D {C,Pi,...,P r }; 
the reverse inclusion follows from Theorem 13.71 □ 

2.2 Remark. If X = C P(l, 1, 1, a^, 04) is general in a family with a\ = 02 = 1 then clearly 
a general element S of any pencil P C |Cx(l)| is a Du Val K3 surface, provided one can prove 
it is quasismooth. This can be fiddly, the problem being that while X is general and S 6 P is 
general, P must be able to be any pencil inside | Ox (1)|- 

In contrast to the situation considered above, for families C P(l, ai, . . . , 04) with ai > 1 it 
is not immediately clear whether there exist K3 fibrations birational to X: to construct them, or 
at least to make sense of the construction, we need Mori theory. Here we consider only family 75, 



but the technique applies to many other families — see Ry02 — and, in particular, to family 90, 
the subject of our Theorem II .41 

2.3 Lemma. Let X = X^q C P(l,4, 5,6, 15)) x ,y,z,t,u be a general member of family 75 of the 95; 
for the notations P, Qx, Q2, Pi, R2 for the singularities of X, see Theorem Let Qi G X be 
either Q\ or Q2 and f : Y —* X the Kawamata blowup of Qi. 

(1) Let R C NEY be the ray with contjj = /. Then the other ray Q C NEY is contractible 
and its contraction g = contg :Y^Zis antiflipping. 

(2) The antiflip Y — » Y' of g exists and Y' has canonical singularities. 

(3) Let Q' C NEY' be the ray whose contraction is g' : Y' — > Z and R' C NEY' the other ray. 
Then R' is contractible and its contraction /': Y' — > P , which is in fact the anticanonical 
morphism tp\_^K Y ,\ = <P\4B'\> ^ s a K3 fibration — that is, a general fibre T' of f has Du 
Val singularities, Kt> = and h l (T',OT') = 0. 

It follows that the total composite X — > P 1 of the two ray game we have played, illustrated below, 
is7r = (x,y): X — -> P(l,4) = P 1 . 

Y Y' 

X Z 
Therefore R(Y, B) = R(Y',B') = k[x,y]. 
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Proof of 12,31 (1) The first part of the following argument — showing that the curve C defined 
below generates Q C NE Y — is one case of |HPRl 5.4.3]; but in [HPR] this point Qi is excluded 
as a maximal centre by the test class method, so there is no need for the two ray game to be 
played out. 

By generality of X, the curve {x = y = 0} D X is irreducible. / : Y — > X is the g(l, 4, i) x ,y,t 
weighted blowup of the 3(1, 4, i) x ,y,t point Qi. Let S € \B\ be the unique effective surface and 
T G |4J3| a general element, where as always B = —Ky. One can check explicitly, by looking at 
the three affine pieces of Y locally over Qi, that C := SC\T is an irreducible curve inside Y; this 
uses the generality of X. We also know that 



ra(r-a) 60 20 

so in particular BC = AB ?J < 0. It follows that the ray Q C NEY is generated by C — indeed, 
suppose this is not the case; then C is in the interior of the 2-dimensional cone NEY, so we can 
pick an effective 1-cycle Yli=o a iCi that lies strictly between Q and the half-line generated by C. 
This 1-cycle is 5-negative, because R is S-positive (i.e., if -negative) and BC < 0; but Bs |4B| is 
supported on C and therefore one of the Cj, say Co, is in fact C. The geometry of the cone now 
implies that, after we subtract off aoCo, Y2i=i a iCi 1S again strictly between Q and the half-line 
generated by C; so we can repeat the argument to deduce that some other C is C — and of 
course this contradicts our initial (implicit) assumption that the C were distinct. This argument 
has also shown that C is the only irreducible curve in the ray Q. 

We show Q is contractible with a general Mori-theoretic trick — afterwards, clearly, g = contQ 
is antiflipping, because C is the only contracted curve and KyC = —BC > 0. Firstly note 
that S has canonical singularities and so in particular is kit. We apply Shokurov's inversion of 
adjunction (see |KM| 5.50]) to deduce that the pair (Y,S) is pit. (In fact Ky + S is Cartier so 
the log discrepancy of any valuation for (Y, S) is an integer, and therefore (1", S) is canonical.) 
But pit is an open condition so for e € Q>o> e < 1, the pair (Y, S + eT) is pit as well. Now 

{K Y + S + eT)C = eTC = eB 3 < 0, 

so Q is contractible by the (log) contraction theorem for (Y, S + eT) . 

(2) This follows immediately from Mori's result |FAl 20.11]: S and T are effective divisors, 
T ~ AS and Tn S = C is precisely the exceptional set of g. Since S ~ B = —Ky the antiflip of g 
is precisely its 'opposite with respect to S", to use the language of |FA| . This can be constructed 
as the normalisation of the closure of the image of 

g x vry: Y — » Z x P 1 , 

where Try = tt o f: Y — ► P(l,4) = P 1 corresponds to the pencil (45, T) = \4B\. 
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Alternatively, since we have already observed that the ray Q is (Ky + S + eT)-negative, (2) 
follows from Shokurov's general result that log flips of lc pairs exist in dimension 3. 

(3) From the construction of the antiflip, the transforms S' and T' of S and T on Y' are 
disjoint, so Bs |— 4Ky\ = Bs \4B'\ = 0. Therefore /' = cont#/ exists and is (the Stein factorisation 
of) ip\4B'\] T' is a general fibre of /'. In the diagram below, v: U — > g(T) is the normalisation of 
9(T). 




9<T) 

Now K T = {K Y + T)\ T = 3B\ T = 3C, so K v = h*(3C) = 0. Furthermore, the Leray spectral 
sequence for / : T — > Tx , 

-> = fT 1 {T X , Tx ) -> i? 1 (T, Or) -> (T x , i? 1 /*^) = 0, 

shows that ^(T, C T ) = (here h®{T x ,R l f*O r ) = because the singularity 1) of Tx at Qi 
is rational); and now the Leray spectral sequence for h: T — > U, 

O^H 1 (U, Ojj) -» tf 1 (T, Or) = 0, 

shows that /i 1 (f/, C;y) = 0. The only thing left to do is to show that U has Du Val singularities 
— it is then clear that T' is a Du Val K3 surface because 

K T > = (Ky + T') \ T > = W\ T > = 0, 

so the minimal resolution U —> U of U factors through h' : T' —> U. 

To show U has Du Val singularities we observe first that T has two singularities: a ^(1, l) x ,t 
point over Qj G Tx, where {i,j} = {1,2}, and a ^(l,2) XjZ point over P G Tx- The curve C 
passes through both and is locally defined by x = in a neighbourhood of each. Let £ : T — > T 
be the minimal resolution of T, with exceptional curves E\, Ei lying over P and E% lying over 
Qj, where E\ = E\ = -2, £i£ 2 = 1, E X C = 0, ^C" = 1, E\ = -5 and E 3 C = 1 (here C is the 
birational transform of C on T). We can calculate that (C) 2 < and Kj,C < 0, from which it 
follows that C is a — 1-curve. (To do this, first show that C T < and KtC < 0; then express C 
as the pullback £*C minus nonnegative multiples of E\,E2, E 3 ; then use the fact that (EiEj)? - =1 
is negative definite, Kj,(£*C) = KtC < and i^^, is £-nef by minimality of £.) 

Now the minimal resolution £7 of U is obtained from T by running a minimal model program 
over U — so we start by contracting C, which is exceptional over U, and then E<i, which has 
become a —1-curve, and finally E\. E% is left as a — 2-curve. This MMP can be summarised by 

(2,2,1,5) - (2,1,4) -> (1,3) - (2). 
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It follows that U has a single A\ Du Val singularity, as required. □ 
2.2 Elliptic fibrations 

Our main aim is to prove Theorem 11.11 part of which is the statement that there is no elliptic 
fibration birational to a general X in family 75. In this subsection, however, we digress briefly 
to discuss the construction of elliptic fibrations birational to hypersurfaces in other families 
out of the 95. In particular we are concerned with families 34, 88 and 90, the subjects of 
Theorems O O and O 

2.4 Example. Let X = X 18 C P(l, 1, 2, 6, 9) XQ 

,xi,y,z,t be a general member of family 34 of the 95. 

We claim that 

(a) the projection ir = (xo, xi,y) : X — > P(l,l,2) gives an elliptic fibration birational to X 
after resolution of indeterminacy; and 

(b) the indeterminacy may be resolved as shown below, where /: Y — ► X is the Kawamata 
blowup of the unique singularity P ~ |(1, 1, 2) X(uX1 ^ y on the zi-stratum, and Try ■= vr o / is 
the anticanonical morphism (p\2B\> B = —Ky. 



1,1,2) 



Proof, (a) This is easy to see: a general fibre of the rational map ir is a curve £i8 C P(l, 6, Q) x ,z,t 
and, when we write down the Newton polygon of the defining equation of such a curve, there is 
a unique internal monomial (namely x 3 zt, the vertices being i 2 , x 18 and z 3 ). Consequently E±g 
is birational to an elliptic curve, by standard toric geometry. 

(b) The linear system C defining 7r is \2A\ = {x^,x\,y) and one can calculate directly that 
its birational transform Cy on Y is free. Furthermore 

C Y = f*C -%E~2B 

and Cy is clearly a complete linear system. □ 

As well as exhibiting one elliptic fibration birational to a general hypersurface in family 34 
(actually, according to Theorem II. 2\ the only such), this example shows us one way to look for 
elliptic fibrations when we consider other families: namely, find a singular point P with B 3 = 
(for B = —Ky, f : Y — > X the Kawamata blowup of P), take the anticanonical morphism on Y 
(if B is eventually free) and see if it maps to a surface. It turns out that this method works for 
families 88 and 90, as well as 34, so as far as the present paper is concerned, we are done. There 
are, however, other ways in which elliptic fibrations occur birational to hypersurfaces in the 95 
families. Here is a brief list; see Ry02 for more details. 
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• Sometimes elliptic fibrations have more than one singular point of X in CS (X, ^Ti); they 
can be constructed by blowing up all these points and taking the anticanonical morphism. 

• It can also occur that CS (X, ^H) consists of only one singular point P, but 
CS (Y, z/Hy) 7^ 0, where Y = Bp X is the Kawamata blowup; in this case further blowups 
of Y are necessary before taking the anticanonical morphism. 

• Finally, there are examples of elliptic fibrations with a curve in CS (X, \U) — but only for 
families 1 and 2; see Ry02 . 



3 Exclusions, absolute and conditional 

For an initial introduction to the contents of this section, see 11.61 We divide the material for 
proving Theorem 11.71 into three subsections: in fc )3,ll we show that all curves are excluded abso- 
lutely and in H3.2I we prove the corresponding result for smooth points; finally in we deal 
with singular points. Much of the material in this section applies more widely than to family 75: 
for example, out of all the singular points on members of the 95 families, we show that those 
satisfying a certain condition turn out to be excluded absolutely, while those satisfying a different 
(but closely related) condition are excluded conditionally — that is, we prove that if they belong 
to CS (X, ±W) for some H then other centres must also exist in CS (X, ^H). 



3.1 Curves 



First we state the main curve exclusion theorem proved in Ry02 . 



3.1 Theorem ( Ry02, Curves Theorem A]). Let X = X d C P = P(l, ai, a 2 , a 3) a 4 ) be a 

general hypersurface in one of the 95 families and C C X a reduced, irreducible curve. Suppose 
TC is a mobile linear system of degree n on X such that Kx + is strictly canonical and 
C G CS (X, ^T~i) . Then there exist two linearly independent forms £, £' of degree 1 in (xq, • • • , X4) 
such that 

C c {£ = £' = 0} n X. (1) 

We do not reproduce the proof in full here, but instead restrict ourselves to the case we need, 
namely X30 C P(l,4, 5,6, 15). This follows immediately from the following lemmas, the first of 
which is standard. 



3.2 Lemma. Let X be any hypersurface in one of the 95 families and C C X a curve, reduced 
but possibly reducible. Suppose H is a mobile linear system of degree n on X such that Kx + ^H- 
is strictly canonical and each irreducible component of C belongs to CS (X, -TL). Then degC = 
AC < A 3 . 
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3.3 Lemma. Let X = Xd CP = P(l, ax, a-i, 03, 04) be a hypersurface in one of the families with 
a\ > 1 and suppose that either 

(a) d < a±a4 or 

(b) d < 0204 and the curve {x = y = 0} H X is irreducible (which holds for general X in a 
family with ax > 1 by Bertini's theorem). 

Then any curve C C X that is not contracted by ^4: X — > P(l, ax, a%, 03) /ias degC > ^4 3 . 
Consequently C is excluded absolutely by Lemma \S. r A 

For the proofs of Lemmas 13.21 and I3.3| see below. It is straightforward to check that they 
imply the following. 

3.4 Corollary. Let X = X 30 C P(l, 4, 5, 6, 15) 

x,y,z,t,u be any (quasismooth) member of family 75. 
Then Theorem \3.1\ holds for X, that is, no reduced, irreducible curve C C X can belong to 
CS (X, \T~L) for any mobile system TL of degree n with Kx + \(H strictly canonical. 

Proof of Lemma 13.21 Let s be a natural number such that sA is Cartier and very ample, and 
pick general members H,H' £ 7i. Now by assumption 

mult Ci (#) = multci(#') = n 

for each irreducible component Cj of C, so for a general S 6 |s^4| 

A 3 sn 2 = SHH' > sn 2 AC = sn 2 degC, 

which proves degC < A 3 . □ 

Proof of Lemma 13.31 We prove this lemma under the additional assumption that (a±, 02) = 1 
— which is the case for family 75 {a\ = 4, 02 = 5); if (ai, 02) > 1 then a little trick, described in 
Ry02], is needed. 

Suppose that C C X has degC < A 3 and is not contracted by tt^; let C C P(l, a\, 02, 03) be 
the set-theoretic image tt^C). Note that degC" < degC — indeed, if H denotes the hyperplane 
section of P(l, ax,... , 04) and H' that of P(l, ax, 02, ^3), we pick s > 1 such that \sH\ and \sH'\ 
are very ample, and calculate that 

sdegC = {sH)C = wt(sH')C 

= sH'(n4)*C = srH'C = sr deg C > s deg C , 

where r > 1 is the degree of the induced morphism tta\c '■ C — > C . So in fact degC is a multiple 
of degC by the positive integer r. (The point of \sH\ being very ample is that we can move 
it away from P4, where 114 is undefined, and apply the projection formula to the morphism 

7I "4|p(l,ai,...,a 4 )\{P4}-) 
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Now form the diagram below. 

C C P(l, ai, 0,2, a 3 , a 4 ) 

y 

C' C P(l,ai,a 2 ,a 3 ) 

Y 

{*} C P(l,ai,a 2 ) 

C" is contracted by 7T3 — indeed, if its image were a curve C" we would have 

deg C" < deg C" < deg C < A 3 , 

but A 3 = d/ '(01020304) < 1/(0102), since d < 0304 in either case (a) or (b), and on the other 
hand 1/(0102) < degC" simply because C" C P(l, 01,02) — contradiction. 

Now by our extra assumption (01,02) = 1, the point {*} C P(l, 01,02) is, up to coordinate 
change, one of 

{ y = z = 0}, {y a2 + z ai = x = 0}, {x = z = 0} and {x = y = 0}, 

using the coefficient convention in y a2 + z ai = 0. It follows that the curve C C P(l, ai, 02, 03) is 
defined by the same equations. In the first case, this means that degC = 1/03 > 07(01020304) = 
A 3 , contradiction. In the second case degC" = 1/03 again, because C ~ {y a ' 2 + z ai = 0} C 
P(ai, 02,03) passes only through the singularity (0,0,1), using (01,02) = 1 — so we obtain a 
contradiction as in the first case. In the case C = {x = z = 0}, we have degC" = 1/(0103) 
and we easily obtain a contradiction from 0204 > d. In the final case, C = {x = y = 0}, if the 
assumptions in part (a) of the statement hold then we have 

degC' = 1/(0203) > d/ ((11(12(130,4) = A 3 , 

contradiction; while if the assumptions in part (b) hold then 

C = {x = y = 0}nX 

(because the right hand side is irreducible), but 

deg {{x = y = 0} n X) = a x A 3 > A 3 , 

since we also assumed ai > 1 — contradiction. □ 

Note that for the case ai = 1,02 > 1 there is the following analogue of Lemma 13.31 - 
see |Ry02} 3.3] for the proof, which is similar to but much shorter than the one we have just seen. 
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3.5 Lemma. Let X = CP = P(l, 1,02,03,04) be a hypersurface in one of the families with 
ai = 1 and 02 > 1; suppose that d < 0204. Then any curve C C X that is not contracted by ir^ 
and that satisfies degC < A 3 is contained in {xo = x\ = 0} n X. 

When a\ =02 = 1, however, the situation is different and more work is required to prove 
sufficiently strong results. 

We note also for completeness that in the case of family 75 we have -P4 = P u £ X so the 
question of whether C is contracted by tt^: X — * P(l, a±, 02, 03) never arises. For families that 
do contain curves contracted by tt^, |Ry02[ 3.5] shows that in almost all cases these curves are 
of degree greater than A 3 , so they are excluded by Lemma 13.21 The remaining few families to 
which this result does not apply are also dealt with in |Ry02| . 

3.6 Curves for families 34, 88 and 90. We have dealt with curves inside a general X in 
family 75. The arguments presented above, or variants of them, deal also with curves in general 
members of families 88 and 90, given the following observation: family 88 has a\ = 1 and 02 > 1, 
and consequently there is a birational K3 fibration obtained by the projection (xo, x\) : X P. 
The corresponding pencil V = {xq,x\) has C £ CS(X, V), where C is the curve {x$ = x\ = 0}nX. 
The important point is that, by taking X general in its family, C is irreducible. If it were not, 
and we had 

{x = x\ = 0} n X = C U • • • U C r , 

we would have to prove a conditional exclusion result of the form 'if Co € CS (X, ^T~C) then all 
C £ CS (X, ^T~i)\ This can be done — see |Ry02} 3.12] — but we avoid it using our generality 
assumption on X. 

The case of family 34 is more problematic because Lemma l3. 51 above does not apply. We omit 
the argument for curve exclusion for this family; it can be found in |Ry02l §3.4]. 



3.2 Smooth points 

In this subsection we present a proof of the following theorem. 

3.7 Smooth Points Theorem. Let X = Xj C P = P(l, a±, . . . , 04) be a general hypersurface in 
one of families 3,4, ... ,95 and P € X a smooth point. For any n € Z>i and any mobile linear 
system H of degree n on X we have P CS [X, ^H) . 

The proof closely follows the argument used in IPJPR^ to exclude smooth points as maximal 
centres of a pair (X, ^H). First we need to quote some theoretical results. 

3.8 Theorem (Shokurov's inversion of adjunction). Let P € X be the germ of a smooth 
3-fold and TL a mobile linear system on X. Assume n € Z>i is such that P G CS (X, 
Then for any normal irreducible divisor S containing P such that 7i\s is mobile we have P € 

lcs (s, ln\s). 
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For a readable account of the proof see |KM| 5.50]. Note that under the given assumptions, 
but without assuming TL\ S is mobile, |KM| 5.50] says K$ + jp~i\s is not kit near P, which does 
not preclude the centre on S of the relevant valuation being a curve containing P rather than P 
itself. This curve would of course be in Bs(7i), so the problem is eliminated by assuming TC\s is 
mobile — and it will be clear we may assume this in our application. With the extra assumption 
Ks + }{l~L\s is not pit near P, as required. 

3.9 Theorem (Corti). Let (P G Ai + A 2 C S) ~ (0 G {xy = 0} C C 2 ) be the analytic germ of 
a normal crossing curve on a smooth surface; let £ be a mobile linear system on S and Li,L2 G C 
general members. Suppose there exist n £ Z>i and ai,a 2 G Q>o such that 



This is proved as in the original |Co00| . but replacing 'log canonical' by 'purely log terminal' 
and strict inequalities by < or > as appropriate. Now combining Theorems 13 . 81 and 13 . 91 we obtain 
the following. 

3.10 Corollary. Let P G X be the germ of a smooth 3- fold and TL a mobile linear system on X. 



where H, H' G TL are general and H ■ H' is their intersection cycle. 

Now we need to borrow an additional result from |CPB,| . First we recall the following defini- 
tion. 

3.11 Definition (cf. [CPRL 5.2.4]). Let L be a Weil divisor class in a 3-fold X and T C X 
an irreducible curve or a closed point. We say that L isolates T, or is a T-isolating class, if and 
only if there exists s G Z>i such that the linear system £p := \I^(sL)\ satisfies 

• r S Bs£p is an isolated component (i.e., in some neighbourhood of V the subscheme Bs£p 
is supported on T); and 

• if r is a curve, the generic point of T appears with multiplicity 1 in Bs£p. 

3.12 Theorem ([CPR, 5.3.1]). Let X = X d C P(l , ai, . . . , (J4) be a general hypersurface in 
one of families 3, 4, . . . , 95 and P G X a smooth point. Then for some positive integer I < 4/M 3 
the class IA is P -isolating. 



P G LCS (S, (1 - ai)Ai + (1 - a 2 )A 2 + 




Then 




Assuming as in Theorem\Mthat P G CS (X, ±H) for some n G Z>i we have 



mult P (H -H') >4n 2 
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3.13 Remark. CPR, 5.3.1] says I < A/A 3 , but the statement there is for all the families except 
number 2 — that is, including number 1 — and a trivial check shows that in fact I = A/ A 3 only 
for number 1. 

Proof of Theorem 13.71 We know that P e Bs |Jp(sL4)| is an isolated component for some 
I, s € Z>i with I < 4/ A 3 . Take a general surface S G \Tp(slA) \ and general elements H, H' € Ti. If 
we assume that P belongs to CS (X, ±H) then Corollary EHUl tells us that multp (H ■ H') > An 2 , 
so 

S-H-H' >(S-H- H') p > Asn 2 . 

But we know 

S-H-H' = sin 2 A 3 < 4^sn 2 A 3 = Asn 2 , 

A 3 

contradiction. □ 



3.3 Singular points 

The following two results are fundamental. 

3.14 Theorem (Kawamata, [Ka96j). Let -(1, a, r — a), with r > 2 and (a, r) = A, 

be the germ of a 3-fold terminal quotient singularity, and 

f: (ECY)^(TCX) 

a divisorial contraction such that P £ T (so Y has terminal singularities, Exc/ = E is an 
irreducible divisor and —Ky is f -ample). Then T = P and f is isomorphic over X to the 
(1, a,r — a) weighted blowup of P 6 X. 

3.15 Lemma (Kawamata, [Ka96j). Let P € X ~ ±(1, a,r — a) be as in Theorem \3.14\ and 
f:(EcY)^(P£ X) the (A, a, r — a) weighted blowup; let g: X — > X be a resolution of 
singularities with exceptional divisors {Ei}. Fix an effective Weil divisor H on X and define 
a-i = a>Ei {Kx) an d m i = WEi{H) * n the usual way via 

= g^x + ^^Ei, 
g- l H = g*H-ZmiEi; 

define cle and uie similarly using f . Then mi/di < rriEjaE for all i. 

In |Ka96j Lemma [S. 151 is used to prove Theorem EH but it is an interesting result in its own 
right; in particular, it has two corollaries that are of great importance for our problem. 

3.16 Corollary. Let P £ X ~ \{A,a,r - a) and f : (E C 1") -> (P £ X) the Kawamata 
blowup as in Lemma \ c 3.15\ Suppose H is a mobile linear system on X and n € Z>i is such that 
P € CS (X, \7~t) ■ Then the valuation ve of E is strictly canonical or worse for (X, hH)- 
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Proof. Let g: X — > X be any resolution of singularities with exceptional divisors {Ei} and 
H G 7i a general element. The assumption P G CS (X, ^T~C) means that n < rrii/ai for some i, 
so by Lemma 13. 151 n < the/cle as well. □ 

This Corollary 13. 161 tells us that we can exclude a singular point from any CS (X, -^H) simply 
by excluding the valuation ve', it has other uses as well. 

3.17 Corollary. Let P£X~-(1 ,a,r — a) and f : Y — > X be the Kawamata blowup of P as in 
Lemma \3.15\ Suppose C C X is a curve containing P, TL is a mobile linear system on X and 
n e Z>i is such that C G CS (X, ±H) ■ Then P G CS (X, ±H) also. 

Proof. Let g: X — > X be a resolution of singularities with exceptional divisors {Ei} at least 
one of which has centre C on X and is strictly canonical or worse for {X,±H). The rest of the 
proof is the same as that of Corollary 13.161 □ 

3.18 Absolute exclusion of singular points with P 3 < and T ~ bB + cE, b, c > 0. 

Suppose P is a singular point of a hypersurface X in one of the 95 families and P G X is locally 
isomorphic to ^(l,a, r — a). Let /: (E C y) — > (P G X) be the Kawamata blowup and suppose 
P 3 < (where as always B = —Ky)- We denote by S the surface f* l {x$ = 0}, which is an 
element of \B\ and is irreducible, assuming X is general. 

3.19 Lemma (see [CPR, 5.4.3]). If P 3 < then there exist integers b,c with b > and 
b/r > c > and a surface T G |6P + cP| such that 

(a) the scheme theoretic complete intersection F = S C\T is a reduced, irreducible curve and 

(b) TV < 0. 

3.20 Theorem. Suppose P 3 < and the integer c provided by Lemma \3.1fA is strictly positive. 
Then P is excluded absolutely, that is, there does not exist a mobile linear system H of degree n 
on X such that Kx + is canonical and P G CS (X, -Tt) . 

For the proof we need only the following two lemmas. 

3.21 Lemma. Let X be a Fano 3-fold hypersurface in one of the 95 families and TL a mobile 
linear system of degree n on X such that Kx + \TL is strictly canonical; suppose T C X is an 
irreducible curve or a closed point satisfying V G CS (X, —TC\, and furthermore that there is a 
Mori extremal divisorial contraction 

f: (E C Y) -» (r C X), Centre^ E = T, 

such that E G V (X, \U) . Then B 2 G NE Y. 
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Proof. We know that 

Ky + -Tiy ~Q /* (Kx + nTL) ~Q 0. 

It follows that B ~q }0~Ly, and therefore B 2 S NE1", because Jiy is mobile. □ 

3.22 Lemma (see [CPR, 5.4.6]). If B 3 < 0, let T and T = S (IT be as in the conclusion of 
Lemma V3.19\ Write R for the extremal ray of NE Y contracted by f : Y — > X and let Q C NE Y 
be the other ray. Then Q = M>o [T] . 

Proof of Theorem IH. 201 Suppose TL is a mobile linear system of degree n on X such that 
Kx + z{H is canonical and P E CS (Jf, ^W). Corollary of Kawamata's Lemma tells us that 
the Kawamata blowup /: Y — » X of P extracts a valuation (where -E = Exc/) which is 
strictly canonical for (X, ^Tl). The test class Lemma l3.21l now implies that B 2 6 NEF. 

But the ray Q C NE K is generated by (bB+cE)B for some b, c > 0, and certainly ES € NE Y, 
so if GNEF we have both B 2 ,EB £ Q (by definition of 'extremal'). It follows that EB is 
numerically equivalent to aB 2 for some positive a € Q; but 

EB ■ B = E(A- -eY = 4t£ 3 = — r > 0, 
V r J r z a(r — a) 

while B 2 ■ B = B 3 < by assumption — contradiction. □ 

3.23 Corollary. Let X = X 30 C P(l, 4, 5, 6, 15) 

x,y,z,t,u be a general member of family 75 of the 95 
and H a mobile linear system of degree n on X with Kx + \T~i strictly canonical. Then no singular 
point of X other than the two g(l,4, 1) points in the zu-stratum can belong to CS (X, 

Proof. Here is the complete list of singular points of X, together with the sign of B 3 and 
bB + cE ~ T (see Lemma l3.19|) for each of them. 

P y ~ 1(1,1,3)^ B 3 <0 WB + E 

F t P u nl = P~i(l,l,2) w B 3 <0 5B + E 

P s P u nX = Q 1 ,Q i ~ 1(1,4,1)^ B 3 <0 AB 

P^nI = i?i,iJ 2 ~^(l,l,l) w B 3 <0 5B + 2E 

Clearly all these apart from Q\ and Q2 satisfy the hypotheses of Theorem 13. 20( and consequently 
are excluded absolutely. □ 

3.24 Singular points with B 3 < and T ~ bB, b > 0. Assume P G X is a singular point of 
a hypersurface in one of the 95 families which is locally isomorphic to £(1, a,r — a) with B 3 < 0. 
We keep the notations T ~ &i? + cE, S = f^ 1 {xo = 0} and r = S fl T of Lemma 1.3.191 in the 
following paragraphs we consider the case where the integer c provided by Lemma 13.191 is zero. 
Out of all such singular points, the vast majority live in a family with b = a% < 02, where a%, a<i 
are the weights of xi, X2- For such points we have the following result. 
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3.25 Theorem. Let P G X be a singular point satisfying B 3 < 0, T ~ bB and b = a\ < 02- 
Assume that the curve C = {xq = x\ = 0} n X is irreducible. Then R(Y,B) = k[xQ,x\}. It 
follows that if Ti. is a mobile linear system of degree n on X such that Kx + is canonical and 
P G CS (X, ±ft) then in fact CS (X, ±H) = CS (X, \f* \bB\), where f : Y -> X is the Kawamata 
blowup of P. 



Proof for family 75. We do not prove this theorem here for every case. As explained in Ry02 
the first statement, namely R(Y,B) = k[xo,x\], follows from two ray game calculations such as 
that in the proof of our Lemma 12.31 we have already shown this for family 75. The second part 
of the theorem follows easily from the first: let Ti be mobile of degree n on X with Kx + ^TC 
canonical and P G CS (X, ^H) . Then Hy C \nB\ = (^XQ,XQ~ b x\, . . . , Xqx\ Y where n = qb + r, 
< r < b — so He f*\nB\ = (xq, . . . ,Xqx\), while of course f#\bB\ = (xq,xi), and therefore 
CS[X,±H) = CS[X,\f m \bB\). □ 

We are now in a position to put together all the exclusion results obtained so far to prove 
Theorem 11.71 for family 75. 

Proof of Theorem 11.71 First, since X is superrigid by |CPPJ §6], Kx + nonterminal 
implies Kx + }{H strictly canonical; therefore CS (X, ^7i) is nonempty. Corollary 13.41 tells us 
that no curve belongs to CS (X, ±H), Theorem 13771 says that the same is true for smooth points 
and Corollary 13.231 shows the same for all singular points other than Q\,Q2 ~ ^(1, 4, l) X)2/ ,t. 
Therefore at least one Qi G CS (X, ^-TC) ; without loss of generality we may assume this holds for 

Qi- 

Now by Theorem 13.251 

CS (X,%H)=CS (X,fa\bB\) 

where b = 4 because T ~ 4B (in the notation above) and /: Y — > X is the Kawamata blowup 
of Q\. But R(Y, B) = k[xo,x±] = k[x,y], so f*\bB\ is just <^x 4 ,y); and both x 4 and y have local 
vanishing order 4/5 at Q2, so Q2 G CS (X, ^H) also, as required. □ 



4 Birational classification of elliptic and K3 fibrations 

We have now proved Theorem 11.71 for family 75; all that remains is to deduce the main Theo- 
rem ^3 from it. For this we need the following theorem-definition and propositions. 

4.1 Theorem— Definition. Let X be a variety, normal and projective over C as always, andJi 
a mobile linear system on X. Fix a G Q>o and let f ' : Y —> X be a birational morphism such that 
Ky + otHy is canonical. We define the log Kodaira dimension k(X, olH) to be the D-dimension 
of Ky + otHy , that is, 

k{X,olH) = D(K Y +aHy) = max{dim(im99| m(A - y+aWy) |)}, 
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taking the max over all m > 1 such that m{Ky + aTty) is integral; if all the linear systems 
\m{Ky + aTLy)\ ire empty, by definition 

k(X, aH) = D(K Y + aUy) = -oo. 

Then n(X, aTC) is independent of the choice of Y and is attained for a particular Y using any 
sufficiently large m such that m{Ky + aTiy) is integral. 

Proof. This result is standard and is used in, e.g., |ChOO| and jlsOl] . The methods employed 
in |Sh96j to show uniqueness of a log canonical model can be used to prove it; alternatively see 
|FA[ Ch. 2], particularly Theorem 2.22 and the Negativity Lemma 2.19, which is an essential 
ingredient. □ 

4.2. Now let X be a Mori Fano variety and TL a mobile linear system of degree n on X, that is, 
n £ Q is such that Kx + ^TL ~q — of course n € Z>i if X is a hypersurface in one of the 95 
families. 

4.3 Proposition. Assume that Kx + }{H is canonical. 

(a) Let e G Q. Then 

{— oo if e < 
if 8 = 

d>l if e > 

(b) If 1 < k(X, (i + e)7i) < dimX — 1 for some e G Q>o then Kx + is nonterminal, i.e., 
strictly canonical (so Kx + + s)7i is noncanonical) . 

Proof. See the survey jlsOTl III.2. 3-2.4]. □ 

Recall that the NFI-type inequality 11.101 was stated under two alternative sets of assumptions: 
either 

(a) X is a Mori Fano and X — » Z/T a birational map to the total space Z of a K-trivial 
fibration g : Z — > T; or 

(b) X is a Mori Fano and $: X --■» Z a birational map to a Fano variety with canonical 
singularities. 

4.4 Proposition. In situation (a) above, assume that Kx + jfl~L is canonical. Then for any 
eeQ >0 , K (X, (I + e) TL) = dimT. 
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Proof. Fix e G Q> . K x + ^Ti is canonical so k(X, \H) = 0, and therefore k(Z, \Hz) = by 
the birational invariance of log Kodaira dimension (|4.1j) . But in fact Kz + j{Hz is canonical (as 
is Kz + + e)Hz, because Kz is canonical and 7iz is free), so k(Z, ^7~tz) (and /c(Z, (^ + e)'Hz)) 
can be computed on Z as the ordinary D-dimension. Consequently for m 3> and such that 
m{Kz + ^7~Lz) is integral, it is in fact effective and fixed. Fix such an m with the additional 
property that me G N, so that m(Kz + + s)T~Cz) is integral as well; let F G \m(Kz + ~T~tz)\ 
be the unique element. Now for any curve C contracted by g, FC = 0, because by assumption 
KzC = and Tiz = 9* \H\. But F is effective, so it must be a pullback <7*Fr of some effective 
Ft on T. Furthermore, for any m! G N, 

H°{T,m'F T ) = H°{Z,g*(m'F T )) = H°(Z,rn'F), 

so Ft is fixed, D{Ft) = and it is easy to see that D(Ft + meH) = dimT, because H is ample 
and Ft is effective. Now g*(FT + meH) = F + meTCz, so 

«(jr,(i+ e )W) = D(m(Jir z + (i+s)Wz)) 
= D{F + meH z ) = dimT 

as required. □ 

Proof of NFI-type inequality 11.101 in situation (a) . We note that under the assumptions 
(a). ll.lUl is an immediate consequence of Propositions 14.31 and 14.41 Under assumptions (b), the 
proof of |Co95| 4.2] can be easily adapted to give an argument. Like Theorem-Definition 14.11 
this is a standard result used in [ChflOj and |Is01| . so we omit the details. □ 

All that remains is to prove the main theorem for family 75. Arguments similar to the 
following also prove Theorems II. 2\ II. Ml and 11.41 

Proof of Theorem II. 11 It is simplest to prove part (b) first; we then indicate how the argu- 
ment can be easily adapted to demonstrate (a) and (c) also. 

(b) Suppose that X — ■ > Z/T is a birational map from X to an elliptic fibration 
g: Z — » T. By the NFI-type ineaualitv ll.lUI Kx + }{H is nonterminal, where as usual the system 
Ti = <&* 1 Ttz = &^ 1 9*\H\ is the transform of a very ample complete system of Cartier divisors 
on T. By Theorem 11.71 Kx + is strictly canonical and CS (X, ^TC) = {Qi, Q2}- 

Let Q be either Q\ or Q2. As in Lemma l2~Ml we blow up Q and play out the two ray game; 
in the notation of the lemma, 

R(Y,B) = R(Y',B')=k[x,y], 
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/' is the anticanonical morphism of Y' and the composite it: X — » P 1 is (x 4 ,y). Now because 
Q G CS (X, we have that 



Hy C I—uKyI = \nB\ = k[x,y] n = k 



X n ,X n - A y,---,X n mod4 yLn/4j 



the same is true of Y' (since Y and Y' are isomorphic in codimension one) and therefore 
Wy/ = (f)* Ti.pi is the pullback of a mobile system on P . But any mobile system on P 1 is 
free, so we can deduce (as in the proof of Proposition 14.4(1 that for any e € Q with < e < 1, 

« (X, (I + e) W) = « (y', (I + e) Hy) = £>(F + m £ W pl ) < 1 (2) 

where F is a fixed effective divisor on P 1 (so in fact F = 0) and m € Z>o. 

But by Proposition IPI applied to $: X — * Z/T we have « (X, (± + e) Ti) = dimT = 2, 
which contradicts (J2J- This proves (b). 

(a) We can follow the proof of (b) but in the end, rather than a contradiction, we deduce 
that the system Ti = <&~ 1 g*\H\ is actually a pullback vr^TYpi via the map ir = (x 4 , y) : X — * P 1 . 
This induces an isomorphism P 1 — ► T such that the specified diagram commutes. 

(c) If we assume $ is not an isomorphism, we can follow the argument for (b) to deduce that 
k (X, (^ + e) Ti) = 1, which is obviously a contradiction since Tiz = \H\ is very ample. (Note 
that the NFI-type inequality 11.101 requires us to assume is not an isomorphism in the Fano 
case; for the elliptic and K3 cases this is of course not necessary.) 

This completes the proof. □ 
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